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Abstract
We study the full linear perturbations of a homogeneous and isotropic spacetime in the
Eddington-inspired Born-Infeld gravity. The stability of the perturbations are analyzed in the
Eddington regime. We find that, for positive κ, the scalar modes are stable in the infinite wave-
length limit (k = 0) but unstable for k 6= 0. The vector modes are stable and the tensor mode is
unstable in the Eddington regime, independent of the wave vector k. However, these modes are
unstable and hence cause the instabilities for negative κ.
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I. INTRODUCTION
A purely affine theory of gravity was proposed by Eddington in 1924 [1, 2]. The theory
is totally equivalent to general relativity with a cosmological constant. Since matter is not
included, it is not a complete theory. Recently, a new alternative theory called Eddington-
inspired Born-Infeld (EiBI) gravity put forward by Banados and Ferreira [3] has drawn much
attention (see also Refs. [4, 5]). They extended Eddington’s theory with matter included in a
conventional way. This theory is totally equivalent to generally relativity in the vacuum but
deviates from it when matter is present. As the most attractive feature, the homogeneous
and isotropic cosmology seem to be singularity free in this theory [3, 6]. Further research
also shows that singularities may be prevented during gravitational collapse [7]. Reference
[8] argued that the EiBI theory may be a viable alternative to the inflationary paradigm to
solve the fundamental problems of the standard cosmological model. On the other hand,
some pathologies of the EiBI theory were also pointed out in recent works. The studies in
Refs. [8, 9] showed that the tensor perturbation is linearly unstable deep in the Eddington
regime. And Ref. [10] showed that there exist curvature singularities at the surface of
polytropic stars and the unacceptable Newtonian limit in this theory. The authors in Ref.
[11] found that the big rip singularity is unavoidable in the EiBI phantom model. More
relevant studies can be seen in Refs. [11–25].
Research shows that a homogeneous and isotropic Universe will reach a maximum density
at an early time. However, the stability of the evolution near this maximum density is an
important problem that should be considered. The instability of linear tensor perturbations
was investigated in Refs. [8, 9]. In this paper, we investigate the stability problem of full
linear perturbations, including the scalar, vector, and tensor perturbations of a homogeneous
and isotropic spacetime in the EiBI theory. We find that the tensor mode diverges and causes
an instability when approaching the maximum density for both κ > 0 and κ < 0. This work
overlaps the result of tensor perturbation in Refs. [8, 9]. However, the vector modes do not
diverge and hence preserve stabilities for κ > 0, while they diverge and cause instabilities
for κ < 0. For the scalar modes, they are stable only in the case of k = 0 and κ > 0.
The paper is organized as follows. In Sec. II, we derive the linearized equations of motion
of the theory. In Sec. III, the stability of scalar, vector, and tensor modes is studied. Finally,
conclusions are presented.
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II. LINEARIZED FIELD EQUATIONS
Working in Planck units c = 8piG = 1, the action for the EiBI theory is given by [3]
S =
2
κ
∫
d4x
[√
|gµν + κRµν(Γ)| − λ√g
]
+ SM , (1)
where Rµν(Γ) represents the symmetric part of the Ricci tensor and λ = 1 + κΛ is a non-
vanishing constant. When g ≫ κR, the action reproduces the Einstein-Hilbert action with
cosmological constant Λ. On the other hand, when κR ≫ g, the action approximates to
Eddington’s. Since the metric and the connection are treated as independent variables, the
equations of motion are given by [3]
√
qqµν = λ
√
ggµν − κ√gT µν , (2)
qµν = gµν + κRµν , (3)
where qµν is the auxiliary metric compatible to the connection, i.e., Γ
λ
µν =
1
2
qλσ(qσµ,ν+qσν,µ−
qµν,σ), and q
µν is the inverse of qµν .
Now, we consider a perturbed homogeneous and isotropic spacetime with these two met-
rics,
ds2 = gµνdx
µdxν
= (−1 + h00)dt2 + a2(δij + hij)dxidxj + 2h0idtdxi, (4)
ds˜2 = qµνdx
µdxν
= X2(−1 + γ00)dt2 + a2Y 2(δij + γij)dxidxj + 2Y 2γ0idtdxi, (5)
where a(t), X(t), and Y (t) are background quantities depending solely on the time and
h(x), γ(x) are the perturbations involving both the space and time.
The energy-momentum conservation equation ∇µT µν = 0 for matter fields in the EiBI
theory is held as in general relativity, where the covariant derivative refers to the metric gµν .
For the perfect fluid, the energy-momentum tensor is given by T µν = Pgµν + (P + ρ)uµuν
with uµ the four-velocity of the static observer uµ = (1, 0, 0, 0). After perturbing the fluid,
i.e., P˜ = P +δP , ρ˜ = P +δρ and u˜µ = uµ+δuµ, the first-order perturbed energy-momentum
3
tensor is given by
δT 00 = δρ+ ρh00, (6)
δT i0 = −a−2ρh0i + a−2(P + ρ)δui, (7)
δT ij = a−2δPδij − a−2Phij. (8)
Substituting these metrics and energy-momentum tensor into the field equations (2) and
(3), the zeroth-order equation of Eq. (2) gives
Y 3/X = λ+ κρ, (9a)
XY = λ− κP, (9b)
and the zeroth-order equation of Eq. (3) gives
X2 = 1 + 3κ
[
a¨
a
+
Y¨
Y
− a˙
a
X˙
X
+ 2
a˙
a
Y˙
Y
− X˙
X
Y˙
Y
]
, (10a)
Y 2 = 1 + κ
Y 2
X2
(
a¨
a
+ 2
a˙2
a2
− a˙
a
X˙
X
+ 6
a˙
a
Y˙
Y
−X˙
X
Y˙
Y
+
Y¨
Y
+ 2
Y˙ 2
Y 2
)
. (10b)
Equations (10) will be used to simplify the first-order perturbed equations.
After some algebra, the perturbed auxiliary metric is read from the first-order equation
of Eq. (2),
γ00 = h00 +
κδρ
2(λ+ κρ)
+
3κδP
2(λ− κP ) , (11a)
γ0i = h0i − (P + ρ)
(λ+ κρ)
κδui, (11b)
γij = hij +
κδρδij
2(λ+ κρ)
− κδPδij
2(λ− κP ) . (11c)
Here, we note that the transverse-traceless parts of hij and γij are interestingly identical to
each other, as noticed in Refs. [9, 16].
With the perturbed auxiliary metric (11), the first-order equation of Eq. (3) will give
three dynamical equations for the perturbation modes h00, hi0, and hij . On the other hand,
after perturbing the energy-momentum conservation equation ∇µT µν = 0, we will obtain
another two dynamical equations. But they are not independent and can be derived from
the former three equations.
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Further, to study the evolution of perturbations, it is convenient to decompose the per-
turbations into scalar, transverse vector and transverse-traceless tensor modes, which are
not coupled to each other by the field equations or conservation equations [26]. Here, the
perturbations are decomposed as
h00 = −E, hi0 = ∂iF +Gi, (12)
hij = Aδij + ∂i∂jB + ∂jCi + ∂iCj +Dij , (13)
δui = ∂iδu+ δUi, (14)
where ∂iCi = ∂iGi = ∂iδUi = 0, ∂iDij = 0, and Dii = 0. Thus, the perturbed equations
involve seven scalar modes E, F,A,B, δρ, δP, δu, three transverse vector modes Ci, Gi, δUi,
and one transverse-traceless tensor mode Dij.
A. Scalar modes
The 00 component of the perturbed equation (3) gives
1
2
X2
Y 2
a−2∇2E + 3( a¨
a
+
Y¨
Y
− a˙
a
X˙
X
+ 2
a˙
a
Y˙
Y
− X˙
X
Y˙
Y
)E +
3
2
(
a˙
a
+
Y˙
Y
)E˙ − 1
2
(3A¨+∇2B¨)
−( a˙
a
− 1
2
X˙
X
+
Y˙
Y
)(3A˙+∇2B˙) + a−2∇2F˙ + a−2(2 Y˙
Y
− X˙
X
)∇2F − κ
4
a−2
X2
Y 2
∇2δρ
λ+ κρ
−3κ
4
a−2
X2
Y 2
∇2δP
λ− κP −
3κ
4
∂0∂0
δρ
λ+ κρ
− 3κ
4
(3
a˙
a
+ 3
Y˙
Y
− X˙
X
)∂0
δρ
λ+ κρ
+
3κ
4
∂0∂0
δP
λ− κP
−3κ
4
(
a˙
a
+
Y˙
Y
+
X˙
X
)∂0
δP
λ− κP −
1
2
[1 + 3κ(
a¨
a
+
Y¨
Y
− a˙
a
X˙
X
+ 2
a˙
a
Y˙
Y
− X˙
X
Y˙
Y
)](
δρ
λ+ κρ
+
3δP
λ− κP )
−κa−2∂0( P + ρ
λ+ κρ
∇2δu)− κa−2(2 Y˙
Y
− X˙
X
)
P + ρ
λ+ κρ
∇2δu = 0. (15)
The part with the form ∂iS (where S is any scalar) of the i0 component of the perturbed
equation (3) gives
(
a˙
a
+
Y˙
Y
)E − A˙− κ
2
∂0
δρ
λ+ κρ
+
κ
2
∂0
δP
λ− κP −
κ
2
(
a˙
a
+
Y˙
Y
)(
δρ
λ+ κρ
+
3δP
λ− κP ) +
P + ρ
λ+ κρ
δu = 0.(16)
5
The part of the ij component of the perturbed equation (3) proportional to δij gives
−1
2
a2Y 2
X2
(
a˙
a
+
Y˙
Y
)E˙ − a
2Y 2
X2
(
a¨
a
+
Y¨
Y
+ 2
a˙2
a2
− a˙
a
X˙
X
+ 6
a˙
a
Y˙
Y
+ 2
Y˙ 2
Y 2
− X˙
X
Y˙
Y
)E +
1
2
a2Y 2
X2
A¨
−1
2
∇2A− Y
2
X2
(
a˙
a
+
Y˙
Y
)∇2F + 1
2
a2Y 2
X2
(3
a˙
a
+ 3
Y˙
Y
− X˙
X
)A˙+
1
2
a2Y 2
X2
(
a˙
a
+
Y˙
Y
)(3A˙+∇2B˙)
+
κ
4
a2Y 2
X2
∂0∂0
δρ
λ+ κρ
− κ
4
a2Y 2
X2
∂0∂0
δP
λ− κP −
κ
4
(
∇2δρ
λ+ κρ
− ∇
2δP
λ− κP )−
1
2
a2(
δρ
λ+ κρ
− δP
λ− κP )
+
κ
2
a2Y 2
X2
(
a¨
a
+
Y¨
Y
+ 2
a˙2
a2
− a˙
a
X˙
X
+ 6
a˙
a
Y˙
Y
+ 2
Y˙ 2
Y 2
− X˙
X
Y˙
Y
)(
δρ
λ+ κρ
+
3δP
λ− κP )
+
κ
4
a2Y 2
X2
(7
a˙
a
+ 7
Y˙
Y
− X˙
X
)∂0
δρ
λ+ κρ
− κ
4
a2Y 2
X2
(3
a˙
a
+ 3
Y˙
Y
− X˙
X
)∂0
δP
λ− κP
+κ
Y 2
X2
(
a˙
a
+
Y˙
Y
)
P + ρ
λ+ κρ
∇2δu = 0. (17)
The part with the form ∂i∂jS of the ij component of the perturbed equation (3) gives
−1
2
E − 1
2
A+
1
2
a2Y 2
X2
B¨ +
1
2
a2Y 2
X2
(3
a˙
a
+ 3
Y˙
Y
− X˙
X
)B˙
−Y
2
X2
F˙ − Y
2
X2
(
a˙
a
− X˙
X
+ 3
Y˙
Y
)F + κ
Y 2
X2
∂0(
P + ρ
λ+ κρ
δu)
+κ
δP
λ− κP + κ
Y 2
X2
(
a˙
a
− X˙
X
+ 3
Y˙
Y
)
P + ρ
λ+ κρ
δu = 0. (18)
The 0 component of the perturbed conservation equation gives
δρ˙+ 3
a˙
a
(δρ+ δP ) +
1
2
(P + ρ)(3A˙ +∇2B˙)
−a−2(P + ρ)∇2(F − δu) = 0. (19)
The part with the form ∂iS of the i component of the perturbed conservation equation gives
δP +
1
2
(P + ρ)E + ∂0[(P + ρ)δu] + 3
a˙
a
(P + ρ)δu = 0. (20)
B. Vector modes
The part with the form Vi (where Vi is any vector satisfying ∂iVi = 0) of the i0 component
of the perturbed equation (3) gives
1
2
∇2C˙i − 1
2a2
∇2Gi + κ
2a2
P + ρ
λ+ κρ
∇2δUi + P + ρ
λ+ κρ
δUi = 0. (21)
The part with the form ∂jVi of the ij component of the perturbed equation (3) gives
a2C¨i + a
2(3
a˙
a
+ 3
Y˙
Y
− X˙
X
)C˙i − G˙i − ( a˙
a
− X˙
X
+ 3
Y˙
Y
)Gi
+κ∂0(
P + ρ
λ+ κρ
δUi) + κ(
a˙
a
− X˙
X
+ 3
Y˙
Y
)
P + ρ
λ+ κρ
δUi = 0. (22)
The part of i component of the perturbed conservation equation of the form Vi gives
∂0[(P + ρ)δUi] + 3
a˙
a
(P + ρ)δUi = 0. (23)
C. Tensor mode
The part with the form of a transverse-traceless tensor of the ij component of the per-
turbed equation (3) is
D¨ij + (3
a˙
a
+ 3
Y˙
Y
− X˙
X
)D˙ij − X
2
a2Y 2
∇2Dij = 0. (24)
Here, we note that there are seven scalar modes, but only four of six equations are
independent, and three transverse vector modes, but only two of three equations are inde-
pendent. However, since the field equations (2) and (3) are invariant under a coordinate
transformation xµ → x′µ, these perturbed modes are not all physical [26]. After eliminating
the gauge degrees of freedom, one can remove two scalar modes and one vector mode. The
transverse-traceless tensor mode is gauge invariant. So with the state equation P˜ = ωρ˜,
then δP = ωδρ, all the remaining perturbed modes are solvable.
III. STABILITY OF THE PERTURBATIONS
In this section we study the approximative evolution of the perturbed modes in the
Eddington regime, in which the dominant constituent of the Universe is the highly relativistic
ideal gas and the cosmological constant can be neglected. Thus, the state parameter ω = 1/3
and λ = 1. For scalar modes, we work in the Newtonian gauge, i.e., we set B = F = 0 in
the linear perturbed equations, and for vector modes, we fix the gauge freedom to eliminate
the mode Ci.
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A. κ > 0
For the case κ > 0, the approximate background solution near the maximum density
(t→ −∞) is given by [6, 9]
a = aB(1 + e
b(t−t0)), (25a)
X = 2e
3
4
b(t−t0), (25b)
Y = 2e
1
4
b(t−t0), (25c)
where b = (8/3κ)
1
2 . To get the evolution of the scalar modes, we use the four simpler
equations, Eqs. (16), (18), (19), and (20). For transverse vector modes, we use Eqs. (22)
and (23). Equation (24) is used to solve the transverse-traceless tensor mode. In calculation,
we replace the Laplace operator with k2, where k is wave vector. With this solution (25) and
zeroth-order field equation (9), the corresponding equations can be approximately simplified
and solved in the limit t→ −∞. Finally, we arrive at the solutions
A ≃ c1 + c2k2t+ c3e 74 b(t−t0), (26a)
E ≃ (c4 + c5k2t)eb(t−t0), (26b)
δρ ≃ (c6 + c7k2t)eb(t−t0), (26c)
δu ≃ c8 + c9e 74 b(t−t0). (26d)
Gi ≃ c10, δUi ≃ c11. (27)
Dij ≃ c12t+ c13, (28)
where ci are functions of wave vector. In the infinite wavelength limit (k = 0), the scalar
modes do not diverge when the Universe approaches the maximum density. But for k 6= 0,
the scalar modes are linearly divergent. So we conclude that the scalar perturbations are
stable for k = 0 modes but unstable for k 6= 0 modes in the Eddington regime. The tensor
mode blows up as t → −∞, and it causes an instability as claimed in Ref. [9]. However,
the vector perturbations are stable in the Eddington regime.
8
B. κ < 0
For κ < 0, the approximate background solution near the maximum density (t → 0) is
given by [6, 9]
a = aB[1− 2
3κ
|t|2], (29a)
X = U
1
2 =
2√
3
4
√
−κ
2
|t|− 12 , (29b)
Y = V
1
2 =
2√
3
4
√
−2
κ
|t| 12 . (29c)
With similar calculation, the perturbed modes near the maximum density are approximately
given by
A ≃ C1|t| 32 + C2|t|ε, (30a)
E ≃ C3|t|− 12 + C4|t|−2+ε, (30b)
δρ ≃ C5|t| 32 + C6|t|ε, (30c)
δu ≃ C7|t| 12 + C8|t|−1+ε. (30d)
δUi ≃ C9, Gi ≃ C10|t|−2. (31)
Dij ≃ |t|− 12 (C11|t|
√
1+24ε
2 + C12|t|−
√
1+24ε
2 ), (32)
where Ci are functions of wave vector and ε = − κk212a2
B
. Since the scalar E, vector Gi, and
tensor Dij diverge near the maximum density (t→ 0), we conclude that the scalar, vector,
and tensor modes will all cause instabilities in the Eddington regime in this case.
IV. CONCLUSIONS
In this paper, we study the full linear perturbations in the radiation era of a homogeneous
and isotropic spacetime in the EiBI theory. The former research showed that even though the
spacetime is singularity free at and early time, the transverse-traceless tensor perturbation
could cause an instability in this era [9]. We linearize the field equations and solve the
full linear perturbed modes with the approximate background solutions near the maximum
density. Interestingly, we find that, for κ > 0, the scalar modes are stable for k = 0 but
linearly unstable for k 6= 0. This instability was also pointed out in Ref. [27], recently.
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The vector modes are stable and the tensor mode is unstable in the Eddington regime,
independent of the wave vector k. However, for κ < 0, all the scalar, vector, and tensor
modes cause instabilities in Eddington regime.
In Einstein theory, the solution of the scale factor in the radiation era is a(t) = a0
√
t,
and the Friedmann equation is ( a˙
a
)2 = ρ
3
. By solving the corresponding linear perturbed
equations [26], the perturbed modes are given as E = −A ≃ d1t− 32 + d2, δu ≃ d1t− 12 − d22 t,
δρ ≃ 3
2
d1t
− 7
2 − 3
4
d2t
−2, Gi ≃ d3t− 12 , δUi ≃ d4t 12 , and Dij ≃ d5t− 12 + d6, where the di
are functions of wave vector. It shows that the scalar, vector, and tensor modes are all
unstable in the early Universe (t → 0). Thus, the EiBI cosmology with κ > 0 presents
as an interesting theory with stable scalar (when k = 0) and vector modes. This was also
demonstrated in the research [7, 8, 14], in which the EiBI theory with positive κ showed
more good properties than negative ones.
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